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Abstract 

The purpose of this paper is to prove that we can construct all finite dimensional 
irreducible nilpotent modules of type 1 inductively by using Schnizer homomorphisms 
for quantum algebra at roots of unity of type A n , B n , C n , D n or G2. 

1 Introduction 

Let U q {g) be the quantum algebra of a finite dimensional complex simple Lie algebra g over 
C. The theory of J7 g (g)-modules is almost same as the one of g if q is not a root of unity. 
But, if q is a root of unity, it is quite different from the one of g. For example, there are the 
following differences. 

• Finite dimensional modules are not always semisimplc. 

• Finite dimensional irreducible modules are not necessarily highest or lowest weight 
modules. 

• Among finite dimensional irreducible modules, there exist maximum dimensional mod- 
ules. 

The theory of J7 g (g)-modules at roots of unity is introduced in 0|. 

Let e be a primitive Z-th root of unity. The completely classification of finite dimensional 
irreducible C/ e (g)-modules is not given yet. But, the classification of finite dimensional 
irreducible nilpotent [/ £ (rj)-modules of type 1 is already given by Lusztig in |SJ, (see §3). 
In particular, it is known that these modules are classified by highest weights. 

In [5], Nakashima discover that we can construct these modules by using the modules 
introduced in [3] if g is type A n . Moreover, in p^, we discover that we can construct these 
modules by using the Schnizer modules introduced in |U] if g is type B n , C n or D n . 

In this paper, we construct these modules inductively in the case that g is type A n , 
B n , C n , D n or G 2 by using the Schnizer homomorphisms introduced in |1(J) . Then we 
can construct finite dimensional irreducible nilpotent C/ £ (0)-modules of type 1 with highest 
weight (0, • • • , 0, Afc, ••• ,A„) as a submodule of a 1<, N «-- N k~ ^-dimensional J7 e (g)-module, 
where N n is the number of the positive roots of g and n is the rank of g. In particular, these 
results cover the ones of pQ. 

The organization of this paper is as follows. In §2, we review the quantum algebras at 
roots of unity. In §3, we introduce the nilpotent modules and their classification theorem. 
In §4, we introduce the Schnizer homomorphisms. Finally, in §5-§7, we give inductive 
construction of all finite dimensional irreducible nilpotent U £ (g)-modules of type 1 in the 
case of g = A n , B n , C n , D n or G 2 . 

*e-mail: yu-abe@sophia.ac.jp 



2 Quantum algebras at roots of unity 




We fix the following notations. Let g be a finite dimensional simple Lie algebra over C of 
type A n ,B n ,C n ,D n or G2. We set I := {1,2,- •• ,71}. Let {ai}i & i be the set of simple 
roots, A be the set of roots and A + be the set of positive roots of g. Let N be the number 
of positive roots of g, that is, N = \n{n + 1) (resp. n 2 , n 2 , (n — l)n, 6) if g = A n 
(resp. B n , C n , D n , G2). We define the root lattice Q := (J) ig/ Zai and the positive loot 
lattice Q+ := @ ie/ Z + ai, where Z + := {0,1,2,- ••}. Let (a^jjij-g/ be the Cartan matrix 
associated with g such that 

g = B n , 
= G n , 
z &2,3 = -1 = D n , 
Q = G 2 . 

We define (d ir -- ,d„) := (!)••• , 1) (resp. (±,1,-- - ,1), (2, 1, • • • ,1), (1, • • • ,1), (1,3)) if 
g = A n (resp. B n , C n , D n , G 2 ). We denote the Weyl group of g by W which is generated 
by the simple reflections {si} ie i. 

Let I be an odd integer which is greater than 2. We assume that I is not divisible by 3 
if g = Gi. Let e (resp. £2) be a primitive Z-th root of unity if Q ^ B n (resp. g = B n ). For 
r e Z, m e N, d e Q such that e 2d / 1, we define 

:= £ rf_ £ -d ■ M := We, 
[m] £ d! := [m] e d [m — l] e d ■ ■ ■ [l] e d, [0] e *! := 1. 

Definition 2.1. TTie quantum algebra U £ (g) is an associative C-algebra generated by 
{ e i> fijtf 1 }iei with the relations 

tit>i = t% = 1; titj — tjti) 

t e t~ x = e aiJ e- t f tT 1 = e~ aiJ f- 

e ifj ~~ fj e i — 3i,j{ti}si> 

^(-l) k e^ ej et HJ - k) = f:\-l) k ft ) f j ft ai ' i - k) =0 i^j, 

k=0 k=0 



where 
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,{k).__^_k f (k)._^_ f k u, ._ tj ~ h s .— £ di 



Let U+(g) (resp. f7~(g), U®(q)) be the C-subalgebra of f/ E (g) generated by {e^}^/ (resp. 

{/»}iei){*^ :1 }»£/)• Moreover, we extend the algebra by adding the elements {if fc | i, G I}. 

Let wo be a longest element of W and wo = Si t ■ ■ ■ Si N be a reduced expression of wo- 
We set 

Pi ■= Qfiu #2 := Sii(aj 3 ), ■ ■ ■ , Pn ~ Sh ■ ■ ■ Si N _ 1 (a iN ). 

Indeed, we have A + = {fli,--- ,Pn}. Then there exist the vectors {e^}^, {fp^fLi m 
J7 e (g) which are called "root vectors" (cf. 0], [7]), where e a; = e*, / a< = /; for i G /. These 
vectors satisfy the following properties. 

Proposition 2.2 (g| Proposition 1.7, [7). (i) {e^ 1 ■ • • e™£\mi, ■ ■ ■ ,m N G Z + } is a 

C-basis o}U+(q). 



2 



(**) ■ ■ ■ I™ 1 ' • • • > mN e Z +> ZS a C ~ baSlS °f U e(A)' 

{Hi) {t 1 ™ 1 • • • t™ n \mi, ■ ■ ■ , m n € Z} is a C-feasis 0/ C/°(fl). 

(w) Let</> : U~(q)®U® (q)®U^(q) — ► U E (g) (m_®mo® u + >— ► U-Uqu + ) be the multiplication 
map. Then <f> is an isomorphism of C-vector space. 

Let Z(U E (g)) be the center of U E (g). 

Proposition 2.3 ([4J Corollary 3.1). We have {e l a , f l a ,t\\ a G A+,i G 1} C Z(U E (g)). 

Now, for i G /, we set 

deg(ei) := Oi, deg(/i) := -on, deg(tj) := 0. (2.1) 

Obviously, these are compatible with the relations of U E (g). Therefore, we can regard U E (g) 
as Q-graded algebra, and we have 

UM = U E (g) a , U E ( S ) a U E ( S ) a , c U E (g) {a+a y 

a£Q 

for a, a € Q, where U E (g) a := {u G U E \deg(u) = a}. 

Proposition 2.4 (0 §8). We have e a G U+(g) n U E (g) a and f a G U~(g) n U E (g)- a for 
all a G A+. 

3 Nilpotent modules 

Definition 3.1. Let L be a U E (g) -module. If e l a — f l a = on L for all a G A + , then we call 
L "nilpotent module". In particular, if t\ = 1 on L for all i G /, then we call L "nilpotent 
module of type 1". 

Remark 3.2. Nilpotent U E (g)-modules of type 1 are same as C// m (g) -modules of type 1, 
where U[ m (g) is the finite dimensional quantum algebra introduced in (see 

In general, finite dimensional irreducible C// l ™(fl) -modules are divided into 2 n types ac- 
cording to {a : Q — ► {±1}; homomorphism of group }. Without a loss of generality, we 
may assume that finite dimensional irreducible U^ n (g) -modules are of type 1. 

Definition 3.3. Let L be a U E (g)-module. 

(i) We set P(L) := {v G L e^v = for all i G /} and call the vectors in P(L) "primitive 
vector". 

(ii) Let A = (Aj)i g / G C™. We assume that L is generated by a nonzero vector vq G P(L) 
such that tiVQ — £ i i Vo for all i G I . Then we call L "highest weight module with highest 
weight A" and vq "highest weight vector". 

Now, we introduce the classification theorem of finite dimensional irreducible nilpotent 
[/^-modules of type 1. We set Z; := {A G Z | < A < I - 1}. 

Theorem 3.4 ([6 , [7 ). For any A £ Z", there exists a unique (up to isomorphic) finite 
dimensional irreducible nilpotent U E (g)-module L™ l {X) of type 1 with highest weight A. Con- 
versely, if L is a finite dimensional irreducible nilpotent U E (g)-module of type 1, then there 
exists a A G Z™ such that L is isomorphic to L™ (A). 

By the similar manner to the proof of Theorem 5.5(h) in [S] or Theorem 4.10 in pp, we 
obtain the following proposition. 

Proposition 3.5. For A G Z™, let L be a nilpotent highest weight U E {g)-module of type 1 
with highest weight A. We assume dim(P(L)) = 1. Then L is irreducible U E (g)-module. In 
particular, L is isomorphic to L E (A) as U E (g)-module. 
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4 Schnizer homomorphisms 

In the rest of the paper, we denote g by g n if the rank of g is n and ej, fa, U in C/ £ (g„) by 

&i,n> fi,n> ^i,n* 

We fix the following notations. Let be a /"-dimensional C-vector spase and {v n (m n ) \ m r , 
{mi tV ,, ■ ■ ■ ,m n<n ) £ Z™} be a basis of V n , where Z; := {m £ Z | < m < I — 1}. We set 
v n {nin + lm n ) := v n {m n ) for m n , m„ G Zf. For i £ I, we set 

Ci,n := (^,1,^,2, ••■ An) eZJ 1 , (4.1) 

where £jj is the Kronecker's delta. For i £ I, a,;.„ £ C x , 6;.„ G C, we define linear maps 
Xi, n ,Zi,n € End(K) by 

Xi, n v„{m n ) := a iin V n (m n - e i)Ti ), z ijn v n (m n ) := f? mi ' n+6i - n i; n (ra„) (m„ G Z"). (4.2) 

For any z £ End(l/„) such that z~ x £ End(T^) and d £ Q such that e 2d ^ 1, we set 

{zU ■= J^pr ( 4 - 3 ) 

Then we have 

{zi,n} s dv n (m n ) = [d~ 1 (m it n + h, n )] e dV n {m n ), (4.4) 

For any C-vector space V, we regard End(F) <g> U e (Q n ) as C-algebra by 

(x®u)(x ® u ) :— (xx ) ® (uu ) £ End(V),«,u G £4(fln))- 

Theorem 4.1 (ITU] Theorem 3.2, 4.10). (a,) Let A„ G C, a„ = (a i>n )f =1 G (C x ) n , and 
&n = (^i,n)" = i G C™. Then we obtain a C-algebra homomorphism p^ :— p^(a n ,b n , X n ) : 
U e (A n ) — > End(V n ) (g> U e (A n -i) such that 

*i,n-l, (4-6) 
Pn(fi,n) = { z i,n z i+l, n ti,n-l} X i,n + /*,n— 1) (4-7) 



where 



n-l 



*»,n-i := e" A " II V-i- ( 4 ' 8 ) 

^ ^A n G C,_a„ = K„)? =1 G (C x )" ; a„_i = (a^-i)^ 1 G (C*)"- 1 , 6„ = (6j,„)? =1 G 
C", and 6„_i = (&i,n— 1)^1 G C" _1 . XTien we obtain a C-algebra homomorphism p^ := 
p%{a n ,a n -i,b„,bn-i,X n ) ■ U e {B n ) — > End(V n ) ® End{V n -i) <&U e (B n -i) such that 

~\~%i-\-l n %i.n£i.n—l%i—-i n —\&i,n — \ — i — ^)> 

Pn( e l,n) = {^.n^D^Xl.n + {z^iUl^nta^nZl^l.n-l + X^Xl.n-iei.n-X, (4-9) 
Pn (^i,n) ^+1,71^ — 2,n— l^i— 1 n 1^,71 — l^i,n— 1 (2 !_ 2 Ti), 

Pn(^l,n) = z 2,n z i,^l,n-l^l,n-li (4-10) 
Pn(fi,n) — { z i,rL Z i^i tn z i^2,n-l Z i-l,n-l Z i,n~lti,n--l\ X i,n 

+{^-l,n-l\n-l t i,l.-l} x i-X,n-l + ( 2 < * < ™)> 

Pn(h,n) = {<„^r l -l*r,n-l}ei a; r,r l + /l,™-l I (4-H) 
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where 

n-l 



Il^n-l (4-12) 



(c) Let_X n G C,_<z„ - Kn)?=i e (C x )" ; a„_i - (^1)7=1 G (C*)™- 1 , 6„ - (&i,„)£=i 6 
C™, and 6 n -i = (fri.n-i)™^] 1 G C™ -1 . T/ien we obtain a C-algebra homomorphism p^ := 
Pn(a n ,a n -i,b n ,b n -i, X n ) : U £ ( C n ) — > End (V n )®End(Vn-i)®U £ (C n -i) such that p% (e i>n ) , 
Pn(ti,n), Pn(fi,n) as in $3$ , U-IUQ , U.ll\) if3<i<n, and 

Pn( e l,n) — { z l,ri^l,n-l}£l^2,ri X l, "^1,71-1 + { z 2,n^i^ n _ 1 }^2,Ti X l,n^l,n- 1 

~^~{ z 2,n z l,n}ei x l,n + ^2,71^1,71— l e l,n-lj (4-13) 
Pnfa.n) = Z3,nZ 2 .n z l,n z l,n-l z 2,n-lti,n-l, p n (tl,n) = z 2,n Z l,n Z l,n-l^l,n-l > (4-14) 
Pn(f%n) — { z 2,nZi n Z ln _ 1 Z 2n _ 1 t 2n _i}x 2n + \z\,n-\Z- 2 ^ n-1^2,n-l}^l.n-l + /2,n— 1> 
Pn(A,n) = {^.n^-l^n-Je^n + /l,n-l , (4-15) 

n-1 

W-i := ^ A "*ii II ( n ^ 2 )' *i,o:=E" Al . (4.16) 



i=2 



fdj Let A n G C,_a„ = (a^^i G (C x )" 7 5„_ 2 = (a^-a)^ G (C x )"- 2 , 6„ = (&i, n )? =1 G 
C™, and &n-2 = (&i,n-2)i!=i G C"~ 2 . Tnen we obtain a C-algebra homomorphism p 1 ^ '■— 

Pn( a n,a n -2,b n ,b n -2,K) ■ U e ( D n ) — ->• ■ gnrf ( ^») ® E nd{Vn-2 ) ®Ue{D n -i) such thatpP{e^ n ), 
Pn{k,n), Pn(fi,n) as in \4.yjj , M-lUj ), \4.11\j if 4 < i < n (replace x ijn _i to Sj_ lin _ 2 and 
Z,, n _i to 24-1,71-2/ Moreover, 

Pn( e 3,n) = {Z4.,n z 3,n} X 3,n + {zi,n-2Z 2 .n- 2 }x± n X 3 , n X 2 , n - 2 + ^4 in ^3,n^2,n-2^r,Ti-2 e 3,n-l) 
Pn( e 2,n) = { z 3,n z 2, n } x 2,n + { z l,n z i^- 2 }% l,n-2X^ n X 2 , n + X^ n X 2tn Xi n Xx,n-2e2,n-l, 
Pn ( e l,n) = {-^.n^rU^l," + { z 2,n^„_ 2 }l l,„_2^^1,n + ^l.n^i l,n-2e2,n-l, 

(4.17) 

Pn(^3,n) — z 4,n z 3^n z 2,n z l,n z i^ 2 z 2,n-2ti,n~l, 

P n (t 2l n) — z 3,n z 2 ^ n z l,n — 2t2,n — l, P n {tl,n) — z 3,n z \ n z l,n— 2tl,n-l, (4.18) 

(/3,n) = { z 3,nZ 2 n Z l n Z l n _ 2 Z 2 n _ 2 t 3 n _ 1 }x 3 n + {zi^ n -2Z 2 n _ 2 t 3 n _i}x l n _ 2 + /3, n _l, 
Pn(h,n) = { z 2 : nZiJ l _ 2 t 2 ^_ 1 }x 2 ^ l + f 2: n-!, 

Pn(h,n) = {Zl, n z7n^ 2 t7 1 n _ 1 }x7 n + fx, n -l, (4.19) 



*n,n-i:=^ An *J-i*2i-iIIC-l' ( n ^ 3 )' *2,i :=e~ A2 *i], t li0 :=e- Al . (4.20) 

i=3 

fej Let X 2 £ C, 02 = (ai i2 )f = i G (C x ) 5 , and b 2 — (bi i2 )f =1 G C 5 . Then we obtain a 



5 



C-algebra homomorphism p :— p (02,62, A2) : f/ e (G ! 2) — ► End(y§) (g> U S {A\) such that 

p G (ei, 2 ) = {4,2 Z 4,2} x l^ X 2,2 x 3,2xi <2 + {Z4,2Z^2} X 1,2 X 2,2 X 4,2 X 5,2 + {zi >2 z 3,2} X l,2 X 2,2 x 3,2 
+ [2}{z 2 ,2Z^2} x l,2 x 3,2 x i,2 + {zf t2 Z 2t l}x 2j2 + ^2^2,2^4,2335,261,1, 

p G (e 2 , 2 ) = {z^ 3 2 } £ s Xl . 2 , (4.21) 

P G (ii, 2 ) = zl^zl^z^h,!, P G {t 2 . 2 ) = Ha z 3a z ^a z lA^hh ( 4 - 22 ) 

P G (A,2) = {z2,2Z3p^pl 2 t^l}x-l + {z^2Z^^l}xll + f 1A , 

P (/ 2 , 2 ) = {■ z l,2' 2 3,2' 2 5,2 2; 2,2' 2 4,2 e 2 *1,1 }e 3 x l,2 + { Z 3,2 Z S,2 Z 4,,2 £ 2 ^1, lie 3 x 3,2 

+{4,2^ 2 4,i}^ x 5fi- (4-23) 

Here, xfj := 0, z^ 1 := 1 £/ tfie meter- zs owi of range, e ,„ := /„,„-i := 0, J7 e (flo) := C, 
Vo := C, and Vj, x^j, Zij are a copy of Vj , Xi t j , Zij . 

By using these homomorphisms, we obtain Z^-dimensional [/ e (g„)-modules having dimg„- 
parameters. We call those modules the Schnizer modules. 

Remark 4.2. The actions of ej >n ,ti in , fi t „ in '101 are slightly different from the one of The- 
orem \JH\ Because we use a U £ (g n )- automorphism to such that (u>(ei tfl ), cj(tj >n ), w(/i, n )) = 

{fi : n: n , &i,rl) ■ 

Now, we introduce the following fact to use later. If g„ = A n (n > 2), by 14.6fl . (|4.8() . we 
obtain 

n— 1 n— 1 

p£_l(*n,n-l) = £~ A " I| ^-l(^n-l) = £ ~ A " II ( z i-l,n-l^>-l^+l,n-l^,n-2)" " 
i=l i=l 

n— 1 1 n — 2 

= E *"Z n -l,n— 1 JI £j,n-2 ~ £ " z ii-l,ii-l'„_i"„_2 J]'i,n-2 
i=l i=l 
n— 2 . n—2 



= e- A »+ 2 s- A »-^ n _i, n _i. (4.24) 
Similarly, by ijlHijl . ijil^l . ll4~T4l . (Ogfr . (jOty . we obtain 

Pn-l(tn,n-l) = E'^^ 1 2„-l,„_l2„_2,„-2 («>2), (4.25) 
Pn-l(tn,n-l) = £ A "+ A "-i Z n _ ln _ 1 Z„_2,n-2 (l > 3), 

pf(*2,l) = E _Aa+iAl ^,i' ( 4 ' 26 ) 
Pn-l{tn,n-\) = e~ Xn+X "- 1 Z n _i,„_iZ n _ 3 ,n-3 (" > 4), 

P 2 D fe, 2 ) - e- As+ * A3+ *4,i«i,a*2,2, pf (t 2 ,i) = £- A2+ * A ^i,i, (4.27) 
Pn-l(*l,o) = £~ Al for = A, B, C or £>. 

5 Construction of L ml (A) (Type G-case) 

In this section, we construct all finite dimensional irreducible nilpotent L r £ (G , 2)-modulcs of 
type 1 by using the Schnizer- homomorphisms in Theorem 14. If e). 



G 



We set 



(0) 
l(0) 



l i,2 

do) 



1 (1 < i < 5), 

do) 



6H :=&$:=!, &^:=4, ftg := 5, »"> := 3 



JO 



,(0) 



l tt i,2 )i=\i 



b (0) .. 
°2 



(6 



(0)^5 
i,2 /»=!• 



(5.1) 



For A G C, we set 



p?(\) :=tf(a?\M,\):U e (Ai) 



End(C), 

End(Vs) ® C^(Ai), 



(5.2) 



p G (A) :=p G (4 0) ,4 0) ! A):C/ £ (G 2 ) 
(see Theorem 14. If a), (e)). For Ai,A2 G C, we define 

^1,2 := ^,2(A 1; A 2 ) := (v[ XlM) ) o ,> c (i/< Al ' Aa >) : C/ e (G 2 ) — End(Vb ® Fx), (5.3) 
where 



,(Ai,A 2 ) 



Ai + 2, 



,(Ai,A 2 ) 



-Ai+3A 2 + 9. 



We denote the f7 e (G 2 )-modules associated with ((j>i, 2 (Xi, A 2 ), V 5 ®Vi) by Vi, 2 (A 1; A 2 ). For 
m^i £ Z;, m 5 = (77ij ) 5)? =1 G Z^, we set 

v lt2 (m 5 ,m 1A ) :=v 5 (m 5 )<B)Vi(m lt i), v° 2 := vi, 2 (0, • • ■ ,0) G Vi )2 (Ai,A 2 ). 

We define y ii2 , 2/1,1 G End(Vi j2 (Ai, A 2 )) (1 < i < 5): for v = v i, 2 (m 5 , mi,i), 



2/2,2" 
2/3,2" 

2/5, 2" 
2/1, l" 



[mi, a + 2to 3:2 + 2to 5i2 - m 2 , 2 - m ia - - A 2 ] £2 "1,2(7775 + £i, 2 ,mi,i), 
[m 2 .2 - 3m 3:2 - 3to 5:2 + 2m 4 , 2 + 2mi,i - Ai]ui, 2 (ms + e 2 , 2 , mi,i), 
[m 3)2 + 2to 5j2 - to 4i2 - 7711,1 - A 2 ] £2 wi i2 (m 5 + £ 3 , 2 , mi,i), 
[7714,2 - 3to 5i2 + 27711,1 - Ai]vi )2 (m 5 + £4,2,7711,1), 

[7715,2 - 7771,1 - A 2 ]e 2 l>l l2 (m 5 + £5,2, 7771, 1), 

[mi,i - Ai]tji, 2 (m 5 , mi,i + £1,1). (5.4) 



Then, by Theorem UTT a). (e), l|4.2JI . 14.4(1 . I|5.1ll . we have 

ei, 2 v = [3m 3 , 2 - 2m 4i 2]f 1,2(7771,2 + 1, m 2 ,2 + 1, 7773, 2 - 1, m 4 , 2 - 2, 7B5, 2 , TOi,i) 

+ [777 4 ,2 ~ 37775, 2 ] 771, 2(7771, 2 + 1, 7772,2 + 1, 777-3,2, 777 4 ,2 ~ 2, m 5 , 2 - 1, 77ll,l) 
+ [2777 2 ,2 - 3777 3 , 2 ]7Jl,2(777l,2 + 1,7712,2 ~ 1, 777 3 ,2 ~ 1 , 777 4 ,2 , 777 5 , 2 , 777l,l) 
+ [2][7772,2 ~ 777 4 , 2 ]7Jl, 2(7771, 2 + 1 , 777 2 ,2 , 777 3 ,2 - 1, 7714,2 ~ 1, 7775,2, 77ll,l) 
+ [3777i,2 - 7772, 2 ]"1, 2 (7771, 2, 777 2 ,2 - 1, 777 3 , 2 , 7774,2, 7715,2, TOl,l) 
+ [-"»l,l]t)l,2 (7711,2 + 1,7772,2 + 1,7773,2,7774,2 - 1,7775,2 - 1,7771,1 - 1), 

[-7771, 2}e 2 Vl, 2(7771, 2 - 1, 7772,2, 777 3 , 2 , 777 4 , 2 , 777 5 , 2 , 7711,1 ) , 

c .3mi,2+3m3,2+3m5,2— 2m2, 2— 2m4,2— 2mi,i+Xi,. ™ \ 

£ "l, 21,7775, 777i,iJ, 

— 2mi, 2 — 27713,2— 2Tn5,2+TO2,2+7n4, 2 +rni,i+A2 



e2,2" 

^1,2" 
^2,2" 
/l,2" 
/2,2" 



'"1,2(7775, 7771, 1), 



(2/2,2 + 2/4,2 + 2/1, l)"l,2 (7775 , 7771, 1), 
(2/1,2 + 2/3,2 + 2/5,2)771,2(7775, 7771, 1). 



(5.5) 
(5.6) 
(5.7) 
(5.8) 
(5.9) 
(5.10) 



Let P(Vi, 2 (Ai,A 2 )) as in Definition ET3I (i). 

Proposition 5.1. For all Ai, A 2 G C, we obtain P(Vi, 2 (Ai, A 2 )) = Cuf 2 . 
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Proof. Since the actions of ei,2, e2,2 on Vl,2(Ai,A 2 ) do not depend on Ai, A2, we simply 
denote Vi, 2 (Ai,A 2 ) by Vi, 2 . By l|5.6|l . obviously, Ctj° 2 C ^(^1,2)- So we shall prove 

P(Vi, 2 ) c'c«? |a . Let 

u= c(m 5 , mi ! i)ui,2(m 5 , m^i) e Vi,2, 

m 5 £Zf ,mi,iGZi 

where 0(7775,771.1,1) G C, and we assume that e\^v — e 2 .2 v = 0. By 1|5.6[) . we get 

= e 2 , 2 v = ^2 C ( TO 5, mi,i)[-mi )2 ]«i,2(mi, 2 - 1, m 2 ,2, 1*3,2, 7774,2, 777 5 , 2 , 

Hence, we obtain 0(7715, 7711,1) = if 7771,2 7^ 0. So, by (|5.5|l . we have 

0=ei, 2 « = c(0,777 2 ,2, 7773,2, 777 4 , 2 , 7775,2,7771, l) 

{[3m 3 , 2 - 2m 4 ,2]«l,2 (1,7772,2 + 1,7773,2 - 1,7774,2 ~ 2, 7775,2, 7771, l) 

+ [7774,2 - 3m 5j2 ]ui,2(l 5 rn 2 ,2 + 1, "73,2, 7774,2 - 2, 7775,2 - 1, 7771,1) 

+ [27772,2 - 37773, 2 ]«1, 2(1, 7772,2 ~ 1, 777 3 , 2 - 1, 777 4 ,2, 777 5 , 2 , 777l,l ) 
+ [2][t772,2 - 777 4 ,2]«1,2(1, 777 2 ,2, 777 3 ,2 - 1, 777 4 , 2 - 1, 7775,2, 7711, l) 
+ [-m 2 , 2 ]«l,2(0, 777 2 , 2 - 1, "73,2, ™4,2, ™5,2, ™l,l) 

+ [-777l, l]f 1, 2(1, "7.2,2 + 1, 7773,2, 777 4 ,2 - 1, 777 5 ,2 - 1, 7711,1 - 1)}- 

Since the (1, 2)-component of (0,7772,2 — 1,7773,2,7774,2,7/15,2,7/71,1) is and the one of other 
vectors is 1, by the linearly independence, 0(7775, mn) = if 7772,2 7^ 0. Therefore we obtain 

= ei, 2 « = ^ C(0,0, 7773,2, 777 4 ,2, 777 5 , 2 , 7771, 1) 

"l3,2,"l4,2,ni5,2,"ll,l6Z ! 

{[3m 3 ,2 - 2777 4 ,2]fl, 2 (l, 1, 7773,2 - 1, 777 4 ,2 - 2, 777 5 , 2 , 777l,l) 

+ [m 4 ,2 - 3m 5j2 ] vi >2 (l, 1, 777 3 , 2, m 4i2 - 2, 7775,2 - 1, 7771,1) 

+ [-3777 3 , 2 ]wi,2(l, "I, 7773,2 - 1, 777 4 ,2, 777 5 ,2, 777l,l) 

+ [2] [-7774,2] Ul,2(l, 0,7773,2 - 1,7714,2 - l,777 5 ,2,777l,l) 

+ [-777l, l]7Il, 2(1, 1,7773,2,7774,2 - 1,7775,2 - l, 777l,l ~ 1)}- 

Since the (2, 2)-component of (1, —1, 7773,2 — 1, 7774.2, 7775,2, ?77i,i) (resp. (1, 0, 7773,2 — 1, 7774,2 — 
1,7775,2,7771,1)) is —1 (resp. 0) and the one of other vectors is 1, we get 0(7775,7771,1) = if 
m3,2 7^ or ?77 4 ,2 = 0. Hence we have 

= ei )2 « = C(0,0,0,0, 7775, 2 , ?77l, l){[-37775, 2 ]wi, 2(1, 1,0, -2, 777 5 , 2 - 1,7771, 1) 

m5,2iroi,i€Z( 

+ [-7771, l]wi, 2(1, 1,0, -1,7775,2 - 1,7771,1 - !)}■ 

Since the (4, 2)-component of (1, 1, 0, —2, 7775,2 — l,mi,i) is —2 and the one of (1,1,0,-1, 
m 5,2 — l, 777i,i — 1) is —1, we obtain 0(7775,7771,1) = if 7775,2 7^ or mi,i = 0. It amount to 

« = c(o, • • ■ ,'oK )2 e Cu? )2 - □ 

Let j/j,2 (1 < i < 5), 7/1,1 as in (|5.4|l and we set Y\. 2 := {7/1,2,2/1,1 1 < i < 5}. Let 
Po ■ ^i, 2 (A) — ► Cv° 2 be the projection. 
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Lemma 5.2. Let Ai, A2 G Z. 

faj For r £ N, 51, • • • ,g r £ li, 2 , we have 

Po(gi ■ ■ •ffr«l,2) = » Vi, 2 (Al, A 2 ). 

f&J -For aZZ r € N, i\, ■ ■ ■ , i r £ {1, 2}, we have 

Po(fh,2 ■ ■■fi r ,2V° >2 ) = in Vi, 2 (Ai,A 2 ). 

Proof. If we can prove (a), then we obtain (b) by Il5.9|l . ()5.10(l . So we shall prove (a). 
Now we fix r £ N, g\, ■ ■ ■ , g r £ Yi ;2 and set g ■— gi ■ ■ ■ g r - For y € ii, 2 , we set 

5 

s (v) '■= #{1 < * < r I Si = J/} > °! m s : = X! s(y ly2 )e ly2 + s(j/i,i)ei,i, 

i=l 

r 

W g :=0C( 5s9s+1 --- 9r% o 2 ) c 7i, 2 (Ai,A 2 ). 

Then, £ C«i, 2 (m g ) by (fSTTHf) . Since ^Li s (^2) + s(j/i,i) = r > 0, there 

exists a 1 < z < 5 such that s(?yi, 2 ) > or s(yi,i) > 0. 

Case 1) s(yi,i) > 0: For 1 < r < r, let '') £ Zf such that 3 s .g s+ i • • • ff r 6 Ct>i, 2 (m( r ')). 
Let 1 < ri < r such that g ri = y\^\ and g ri +i, ••■ ,gr^ Via- Then, by l|5.4|l . m^'} +1 ' = 0. 
Hence, by the definition of yi.i in (|5.4|) . we get 

g ri g ri +i ■ ■ ■ 2 e C[-Ai]ui i2 (m (r,1+1) + ei,i). 
Similarly, for 1 < r 2 < ri such that g r2 = y± t i and g r2 +ii ■ ' 1 j Sn-i 7^ 2/1,1) we have 

5r 2 5r 2+ i • • -5r< 2 £ C[-Ai + 1] [-Ai]«i, 2 (m< r3+1 ) + 2ei,i). 
By repeating this, we obtain 

gvl 2 £ C[-A a + s(yi :1 ) - 1] • • • [-A a + l][-AiK 2 (m g ). 

Since Ai £ Z and [I] = 0, if s(yi,i) > Z, then [-Ai + s(yx A - 1] • • • [-Ai + 1][-A x ] = 0. On the 
other hand, if < s(j/i,i) < Z, then po(vi, 2 (™ g )) = 0. Therefore, we obtain ^0(5^1 2 ) = 0. 

Case 2) 5(2/1,1) = and s(y5, 2 ) > 0: Since s(yi,i) = 0, for all 1 < r < r, = 0. 

Hence, we get 

?/5, 2 wi, 2 (™5, = [™5, 2 - A 2 ] £2 wi j2 (m 5 + e 5>2 , 7711,1) in W g . 

Thus, by the similar way to the proof of Case 1, we obtain Po(gvi 2 ) = 0- 

Case 3) There exists a 1 < i < 4 such that s(?/i,i) = s(y 52 ) = • • • = s(y i+ i_ 2 ) = and 

s (?/i, 2 ) > 0: In this case , for all 1 < r < r, = mi^ = • • • = "4+1 2 — 0- Hence we 

have 

yi,2V\,i{m 5 , mi,i) = [m,-, 2 - A-] £; i>i i2 (m 5 + e ij2 , mi,i) in W g , 

where i := 1 if i = 2, 4 and i := 2 if i = 1, 3. Therefore, by the similar way to the proof of 
Case 1, we obtain po{gvi 2 ) = 0. 

By Casel-3, we obtain po(gv± 2 ) = 0. □ 

Lemma 5.3. For all Xi, A 2 G Z. a £ A + , we have f l a 2 i>f 2 = in Vfe !n (A). 
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Proof. By Lemma fo.2f b) and Proposition ^. 41 we obtain po(/i 2 v i 2) = 0- On the other 
hand, by Proposition ^. 31 l5~Tl 

ei, 2 /i, 2 < 2 = f a ,2 e ^ v i,2 = (i = 1,2). 

Hence, by Proposition we get f l a 2 v i 2 G 2 - Therefore, we obtain 

/l 2 <2=Po(/i, 2 <2) = 0' 

□ 

Now, we construct nilpotent [/ e (G2)-modules (see §3). For Ai, A2 G C, let £i, 2 (Ai, A2) 
be the £/ e (G2)-submodule of Vi.2(Ai, A2) generated by v° 2 . 

Theorem 5.4. For any Ai, A2 G Li,2(Ai,A 2 ) is isomorphic to L™ (Ai,A2) as U e (G 2 )- 
module. 

Proof. By Proposition 15. II ei j2 w° 2 = e 2, 2^1,2 = 0. Moreover, by 15. 7|) . I|5.8|l . 

*i,2< 2 =^ 4 <2 (*= 1,2). 

So ii.2(Ai,A2) is a finite dimensional highest weight C/ e (G2)-module with highest weight 
(Ai,A 2 ). On the other hand, by Lemma 1531 f l a2 v i,2 = f° r au a e Moreover, by 

Proposition 12.41 15.11 we have e l a2 v\ 2 — f° r au a £ A+. Hence, by Proposition 12.31 
e a,2 = fa, 2 = on £i,2(Ai,A 2 ) for all a G A + . Thus Li,2(Ai,A2) is a nilpotent U e (G 2 )- 
module. Therefore, by Proposition 15 . II and Proposition 13. 51 we obtain this theorem. □ 

If Ai = 0, then we can construct -^'(Ai, A2) more easily. For A G C, let p (A) as in 
l|5.2jl . For m G Z+, let (7r m ,C) be the trivial representation of U £ (Q m ), that is, 

7r m (e iim ) =-K m (fi,m) = 0, 7r m (ii, m ) = l (1 < i < m), (5-11) 

where e^o := /i,o := 0, tj,o := 1, E4(0o) := C. For A2 G C, we define 

tf>2,2 := 02, 2 (A 2 ) := Hop G (4 2 ) : (7 £ (G 2 ) — » End(F 5 ), 

where v 2 2 ■= 3A 2 + 9. We denote the ?7 e (G2)-module associated with (^2,2(^2), V5) by 
^2,2^2)- Let 1/2,2 (A2) be the J7 £ (G2)-submodule of V2, 2 (A2) generated by ^2 2 '.= 1)5(0, ■■■ ,0). 
Then, by the similar way to the proof of Proposition l5.ll Lemma I5~2l 15.31 and Theorcm l5.4l 
we obtain the following proposition. 

Proposition 5.5. For any A 2 G Z;, £2,2^2) is isomorphic to L™ 4 '(0, A 2 ) as U £ (G '2) -module. 
In particular, for any A2 G C, we have P(V2, 2 (A 2 )) = Cv 2 2 . 

6 Inductive construction of L ml (A) (Type B-case) 

In this section, we construct all finite dimensional irreducible nilpotent J7 e (i? n )-modules of 
type 1 inductively by using the Schnizer-homomorphisms of Theorem I4.1f b). 

' We set off* = (ag) ?=1 , = (fig.^ 1 , = {b ^ )U , ^ = f&S-x)^ 1 € C« 
by 

<4S:=a$:=l, C-"-^ 1 ^ 1 )- &S:=2n-l, 5g_ 1 :=t + n-2. (6.1) 
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We fix k G I. For A = (A fe , • ■ • , A„) G C"- fe+1 , we define v x = • • • , v$) G C"- fe+1 by 
:=-2z + l-^A J (fc>2), : 2 » + 1 - ^Ai - ^ (k = 1), 



j=k j=2 



where k <i < n. For A G C, we define p^(A) := p%(a ( n\ S^, fcj? 5 , 6^.1, A) : l/ e (S n ) — ► 
End(F„ <8> (g) U e (B n _i) (see Theorem IHTbl). and let (7r fc _i, C) be as in (|5.11|) . We set 

n 

V k>n : (g):l , V, ,i. 

j=fe 

For A = (Afe,- - , A„) G C™ +1 , we define a [4 (P„ ^representation 0* jn := </>/c.„(A) : 
C/ £ (B„) — >End(Vfc, n ) by 

^,„(A) := 7rfe_! o pf (^) o • • • o p f („*), (6.2) 

and denote the U e {B n )-mod\x\e associated with {(j) k , n (\), Vk, n ) by Vfe >n (A). 

Let m„ = (mi,„, • • • ,m n) „) G Zf, m n _i = (mi,„-i, ■ • ■ ,m w - i,n- i) G Z™ -1 , w G Vfe^-i, 
u = u n (m n ) ®u„_i(m n _i) <g> «; G Vfe, n (A). Then, by JO), l|OJ) . for any 

1 < i < n, we have 

e„ t „v = [-m n>n ](v n (m n - e n>n ) <g -D n _i(m„_i) ® w), (6.3) 
e;, n v = [mt+i,„ -mj l7l ](« n (m„ - e i)fl ) <g> v„_i(m„_i) <g>iu) 

+[mi-i,n-i - mi, n _i](t) n (m„ + e i+ i )n - e,-, n ) ® u n _i(m n _i - ei,„-i) ® w) 

£+1,71 Q.n 

) ® w„_i(m„_i ) <8 (e i)n _ito), (6.4) 

ei )n « = [2m 2 , n - mi,n] £l KK - ei,n) ® u n -i(m„_i) ® w) 

+[mi,„ - 2mi.„_i] ei w n (m n + e 2 ,„ - ei, n ) ® w„_i(m„_i - h : n-i) <8> u> 
+v n (m n + e 2 ,„) ® i n -iK-i - ei,n-i) ® (ei,„-iw). (6.5) 

Let m — ( m i,jJl<i<J,fc<7<ra t , m — (, m i,j-ljl<i<j— l,ifc<i<n £ A; , 

where iVj := ±i(i + 1) for i G N. We set 

n n 

Ufc,„(m,m) := ((££) Vj(mij, ■ ■ ■rrijj)) ® ((^{^(mi^-i, • • -mj-ij-i)), 

«g in :=» M (0,0). (6.6) 
Let P(Vfe,„(A)) as in Definition O (i). 

Proposition 6.1. For aZZ A G C"" fe+1 , we ofeiam P(F fe ,„(A)) = 

Proof. Since the actions of ej iTi on Vfc !n (A) do not depend on A, we simply denote Vfe >n (A) 
by V k>n . By El, obviously, Cv°„ C P(V k>n ). So we shall prove P(V k>n ) C Cu°'„ by 

induction on n. 

We assume n = 1. Then we have k = 1. Let u = gz c(rni.i)u(mi i i) G V\ t \ 

(c(mi,i) G C), and we assume ei t \v = 0. Then, by we get 

= e lil u= c(mi,i)[-mi,i] ei wi,i(mi,i - 1). 

Hence, we obtain c(mi 1) = if mi 1 7^ 0. Therefore we have v = c(0)v\ i(0) G C«i i(0) = 
C<i. 
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Now, we assume that n > 1 and we obtain the case of (n — 1). Let 

V= ^ c(m„,m„_i)(l)„(m„) ®Um„,m„_i) G ^4,n> 

where c(m„, ra„_i) e C, u m „,m„_ 1 G Vfe >n _i (F„,„_i := Cv° n _ 1 , v° n _ 1 := 1). We assume 
that ei tTl v — for all 1 < i < n. 

First, we shall prove that c(m n ,m„_i) = if m„ 7^ 0. By (|6.3|1 . we get 

= e„.„u = ^ c(m n ,m n -i)[-m ntn ](v n (m„ - e„, n ) ® 5 n -i(mn-i) ® iw,*n»-i)- 

777^, 777^ — 1 

Hence, we obtain c(m„, m„_i) = if rn rl . Il 7^ 0. Now, we assume that there exists a 
2 < i < n — 1 such that c(m n , m„_i) = if mi + i „ 7^ 0, • • • m„_i jr j 7^ or m n:n 7^ 0. Then, 
by (|(j.4f> . we have 

= e it nv = ^2 c(m n , rh n -i){[-mi, n ]{v n {m n - e^ n ) ® 5„-i(m n -i) ® Um„,7n n _i) 

777^,777^ — 1 

+ [m i _i jn _ 1 - m iin -i](v n (m n + e i+li „ - e^„) <8> u n _i(m n _ 1 - ei,„_i) ® i> m »,m»-i) 
+«„(m n + e i+1) „ - ® u n _i(m n _i - £i,„_i + ej_ 1>n _i) <g> (ei jn _i« mniAn _ 1 )}. 

If mi + i t . n = 0, then the (i + 1, ^-component of (m n — e^n) is 0, and the one of (m n + ei+i.„ — 
ei t n) is 1. Thus, by the linearly independence, c(m n ,m„_i) = if mi, n 7^ 0. Therefore we 
obtain c(m n ,m n _i) = if m2 !tl 7^ 0, • • ••m n -\^ n 7^ or m„ iTl 7^ inductively. Similarly, we 
have c(m„,m„_i) = if m ljn 7^ by using ei >n v = 0. Hence, we obtain c(m n ,fh n -\) = if 
m n 7^ 0. Therefore we get 

U= C ( ' ^77-l)(Wn(0) (8)U n _l(m n _l) ® W ,m„_i)- 

Moreover, we have 

= e i>n w 

= c(0,TO„_i){[m i _i ! „_i - mi, n -l](Wn(e»+l,n - e»,n) ® « n -i(m n -i - Ci.n-l) ® Uo,m, 

m 77,-1 

+w n (e i+ i ) „ - e i)fl ) (8) ?5„_i(m n _i - + ei_i >n _i) ® (ei i „_iw ,777„_ 1 )} (i 7^ l ), 

= ei, n u 

= 2J c(0,m n _i){[-2mi, n _i] ei (« n (e2, n - ei,„) ® u„_i(m n _i - ei )Ti _i) ® wo,7h„_ 1 ) 

TTJ-n _ 1 

+W7i(e 2 ,n) ® U n _i(m n _i - ei,n-l) ® (ei.n-lWo.rnn-i)}- 

Then, by the similar manner to the above proof, we obtain c(0, m n -i) = if fh n —i 7^ 
by using e^ n v = (1 < i < n). Finally, we get 

v = c(0,0)(> n (0) ®i5 n _i(0) ®u ,o), 

= e v „v = c(0, 0)u„(e 4+ i ! „ - e», n ) ® u„_i(-e ilTl _a + £7-1,77-1) ® (e^„-iw ,o) (« 7^ 1,™)) 
= ei, n i; = c(0, 0)u„(e2,„) ® u n -i(-ei,n-i) <8> (ei l7l _i«o,o)< 

Hence ei >n _i«o,o = in Vk, n -i for all 1 < i < n — 1 if c(0, 0) 7^ 0. So, by the assumption of 
the induction on n, we obtain vq q S n _ 1 if c(0, 0) 7^ 0. Therefore 

v e C(» n (0) ® 5 n _i(0) ® <„-i) = C»g. n . 
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□ 

Let m — ymi,j)i<i<j,k<j<n c £j , m = \nii t j-\)i<i<j-\^<j<n £ 

For 1 < i < n, max(fc, i) < j < n, we define 

Uij(m,m) := m l+x ,j - 2mij + mi_ij- + mi_ 2 ,j-i - 2m i _i ) j_i + m^-i (i 7^ 1), 
i/ij(m, in) := rrisj — TUij + fhij—i, 
jUi,i_i(rn,m) := £(i > ^(mi-i^-i + mi-a.i-a)) 

i 

Hi,j(m, m) := (j, iti -i(m, m) + v iyr (m,rh), (6.7) 

r— max(fc,t) 

where 

Let v k , n (m,rh) be as in 1)6.6(1 . Then, by (g2J), ijOty . (g23), HEU, we obtain 

ti,nVk,n{fn,m) = e i - u fc , n (m,m). (6.9) 

In particular, we obtain the following lemma. 

Lemma 6.2. For any A = (Afe, • • • , A„) G C"~ fc+1 ; i G /, we obtain 

Let m — (rriij )i<i<j^k<j< n G A ; , m = (mjj-i ji<j<j— i,fc<j<n G ^ > 

A = (Afe,--- , A„) G C"~ fe+1 . For i E I, max(fc, i) < j < n, we define yjj, jji-ij^i G 
End(V" fei „(A)) by: for u = v k ^(m,fh), 

Vi-i.j-W := [m,_ij_i - mi,j-i - (j,i t j-i(m,m) - £(i > k)Xi]vk, n (m, m + ej_i, 3 '_i), 
yijt; := [mj+ij - m i; j - fj, itj (m,m) - £(i > fc)Ai]u fc , n (m + e iji ,m) (i ^ 1), 
yijf := [mij - 2mij_i -^ij(m,m) -^(1 > fc)Ai] ei Ufc )ri (m + eij,m), (6.10) 

where yo,j-i := 0. We set 

^fe,n := {Ui,j,yi-i,]-i \ i G I,max(fc,i) < j < n}. 

Then, by g2J), {Oft . gUJ, ljO|) . we have 

fi,nVk : n(m,m) = ^ (ViJ + yi-i,j-i) v k,n(m,m) inT4,„(A). (6-11) 

j— max(fc,i) 

Let po : Vfe,„(A) — > be the projection. 

Lemma 6.3. Lei A = (Afe,-- - , A„) G Z"- fe+1 . 
("oj For a// r G N, <7i, • • • ,g r G ife, n) we /icrae 

Po(5i ' ' -9rVk, n ) = mVfe,„(A). 

f&j For oiZ r G N, ii, • • ■ , i r € J, we /icwe 

Po(fh,n ■ ■ ■ fi r , n vi n ) = inVfc,„(A). 
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Proof. If we can prove (a), then we obtain (b) by l|tj.ll|) . So we shall prove (a). 
Let r G N, gi, ■ ■ ■ , g r G {Y ki „ - {0}) and set g := gi • • ■ # r . For y G F fei „, we set 

3 

s(y) ■= #{1 <r <r\ g r > =y}>0, Sj := ^(s(j/y) + s^-xj-i)) (k < j < n), 

i=l 

n j r 

m 9 : =^2^2( S (yi,3) € i,3 + S(yi-l,j-l)ei-l,j'-l), VK g := C(# r /p r < +1 ■ ■•C/ T -U°„). 
j=fc i=l r ' =1 

Then, gw° „ G (m 5 ) by (|6.1U|) . Since X)j=fc s j = r > 0j there exists a k < j < n such 

that Sfc = • • ■ = Sj_i = and Sj > 0. Then, s(y Ptq ) = s(y p _i,g_i) = for all A; < g < j, 

1 < P < q- Thus, for any 1 < r < r, there exist m (r ') G zf n ~ Nh ~\ m^'l G zf"- 1 '^- 2 such 

that g r >g r ' +l ■ ■ ■ g r v° „ eCw^fm''" ),m( r )) and m^,' = m^L^^j = for all fc < g < j, 
1 < P < g. Hence, by iJEZJ, (|^TUI) . in W s , 

yi,jV k ,„(m,m) = [m l+ i.j - m^j - i/ it j(m,m) - £(i > k)\i]v k<n (m + ei,j,m), 
yi,jVk,n(m,m) = [mi,j — 2mi,j_i -^(1 > A)Ai] ei i;fc )n (m + ei ) j,m), 
yi-i,j-iVk,n(m,rh) = [mi-ij-i -rhij-i -£(i>k)\i]v k ,n(rri,m + ei-ij^i), (6.12) 

for 2 < i < j, where £(z > j) as in i|tj.8fl . 

On the other hand, since Sj > 0, there exist i (1 < i < j) such that s(yi.j) > 
or s(yi_ij_i) > 0. Now, we assume s{j)j -ij-t) > 0. Let n (1 < n < r) such that 
ffn = Vj-i,j-i and .g ri +i,--- jSr 7^ Vj-ij-i- Then, by JSTTDJl, m^l 1 ^! = 0. Hence, by 

^Sn+l-SrC eChA> M (m< ri+1 U (ri+1) +eVi^i)- 
Thus, by the similar way to the proof of Case 1 in Lemma 15.21 we have 

9Vk,n e C h A j + s (J/j-i,j-i) -!]■•• [-Aj + 1][-A>i.„(m 9 ), 

and Po(gv® n ) = 0. Similarly, if there exists i (2 < i < j — 1) such that s^-i^-i) = • ■ ■ = 
s(i)i,j-i) — 0, s(y,_ij_i) > 0, then we have 

yi_ij_iUfc, n (m,m) = [mi_ij_i - <5 l > fe A J ]w fe! „(m, ?ti + ej_ij_i) in W s , 

and PoCs^fen) = 0. If s(yij-i) = ■ ■ ■ = s(yj-i.j-i) = 0, and there exists i (1 < % < j) such 
that s(yij) = ■ ■ ■ = s(yi-i t j) = 0, s(yij) > 0, then we obtain 

Vi,jVk, n (rn, fti) = [rriij - Si> k Xi] £i v k:n (m + e i} j,ih) in W g , 

and po(gv^ n ) = 0. 

Consequently, we obtain that Po(gv° ) = if Sj > 0. It amount to Po(<7«fe „) = 0. □ 
Lemma 6.4. For all A = (Afe, • • ■ , A„) £ Z" _fc+1 , a G A+, we Ziaue 

/a,n""n = inV fe ,„(A). 

Proof. By Lemma l6~3T b^) and Proposition ^. 41 we obtain Po(/i n u°„) = 0. On the other 
hand, by Proposition EB1 EEH 

e i,nf a .n v k,n ~ fa,n e i,nV k n = 0, 
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for all i G I. Hence, by Proposition 16.11 we get f a n v kn G Cv k n . Therefore 

□ 

Now, we construct nilpotent C/ e (i? n )-modules (see §3). For A G C™~ fc+1 , let L kn {\) be 
the /7 e (-B„)-submodule of Vk tn {\) generated by v k n . 

Theorem 6.5. For any k G /, A = (Afc,-- - , A„) G L k ^ n (X) is isomorphic to 

L™ 1 (0, ■ ■ ■ ,0, A*, • • • , A„) as U £ {B n ) -module. 

Proof. By Proposition 16 . II and Lemma fo. 21 L kn (X) is a highest weight C/ 6 (S„)-module 
with highest weight (0, • • • , 0, X k , • • • A„). On the other hand, by Lemma IFT41 f l a n v° n = 
for all a G A + . Moreover, by Proposition ^. 41 RTT1 e^ n t)° n = for all a G A + . Hence, by 
Proposition 12.31 e l an — f l a n = on L k . n {\) for all a G A + . Thus L k ^ n {\) is a nilpotent 
f7 e (-B„)-module. Therefore, by Proposition 16.11 and Proposition 13.51 we obtain this theo- 
rem. □ 

In particular, if k = 1 then we obtain all finite dimensional irreducible nilpotent U E (B n )- 
modules of type 1. 

7 Other cases 

In this section, we construct [/ e (g„)-modules ^"''(A) in the case of g„ = A n , C n or D„ 
inductively by using the Schnizer-homomorphisms in Theorem 14 . If a) . (c), (d). 

We set «£» = (aS)? =1 , «1 0) = (og)^, W = W = e C " 

^l~^ n :=l (fln = A., C n , £>„), 
&g>:=i (fl„=A n ), &$:=n-i + l (fl„ = C„), 

&g>:=n-i + l (i^l), &g:=r*-l (n ^ 1), bf>\ := 1 ( 0n = D„), 
6$ :=» + *-! (fl„ = Cn ) -D„). 
We fix fc G J. For A = (A fc) • • • , A„) G C"- fe+1 , we define v x = (z^, • • • , i/*) G C"- fc+1 by 



-i ~ 1 - ~ (fl„ = A„), ^ := -2£ - ^ A, (fl„ = C„), 

1 * 

-2i + 2-^A j (fc>3), ^ A := -2* + 3 - -A 2 - ^ A i ( fc = 2 )' 

j=fc j=3 
1 1 ' 

-2i+l--Ai--A 2 -^A j (fc = l), (Qn = D n ), 



2 2 

where k < i < n. For A G C, we set ^(A) := pA(ag\$h), p£(A) := ^(ai 0) , a^, fcf, 6^, 
and^(A) :=p^(al 0) ,4 -2^™ 0) ^i°-2: A ) ( see Theorem l4~TTaV (c), (d)). We define 

n n 

Ffe,„ := (g) Vj (Q„ = A n ), V k , n := (g)(Vj ® V$_i) (fl„ = C„), 

n 

V k ,n ■= <g)(Vj <g> (ft, = !>„). 
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For A = (Afe, • • • , A„) £ C™ we define £/ £ (g n ^representations (f> k ,„ := <f>k,nW ■ U e (g„) — 
End(y fe ,„) by 

0*,n(A) :=7r fc _iop«(i/^)o...op»(i^). 
We denote the C/ e (fl„)-niodule associated with (0fe, n (A), Vfe >n ) by Vfc in (A). We set 

Wfc,n:=®"j(0,-",0) (0„ = A n ), 

j=fc 

n 

<n :=0(«i(O,-" ,0)®Vi(0- - ,0)) (g n = C n ), 

j=k 
n 

<„ :=0(«i(O,-" ,0)®«i-2(0, - ,0)) (fl„ = D„). 

For A e C n_fc+1 , let Lfe, n (A) be the [7 £ (g„)-submodule of V^„(A) generated by u° n . 
Then we have the following theorem by the similar way to §6. 

Theorem 7.1. Let g n = A n , C n or D n . Then, for any k G I, A = (A fe , • • • , A„) 6 Z"~ fe+1 , 
ife.n(A) is isomorphic to Lf ll (0, ■ ■ ■ , 0, Afe, • • • A„) as U e (Q n ) -module. In particular, for any 
A e C"- fc+1 , we Aave P(Vfe >n (A)) - C«J? >n . 

Consequently, we obtain all finite dimensional irreducible nilpotent modules of type 1 
inductively by using the Schnizcr homomorphisms for quantum algebras at roots of unity of 
type A n , B n , C n , D n or G 2 - 

Acknowledgement: I would like to thank T. Nakashima for helpful discussions. 
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